Introduction
In 1968 Doyle and Turner produced a classic paper tabulating the relativistic Hartree-Fock (RHF) X-ray and electron atomic scattering (form) factors for seventy-six atoms and ions from sin9/A. (s) = 0 to 6 A-I. In addition Doyle and Turner produced nineparameter Gaussian fits for the X-ray form factors for the angular range s = 0 to 2 A-I based on the formula 4 .
f\s) = L ai exp(-biS~ + c
(1)
where the ai, bi and c are constants for a given element or ion, and £X(s) is the X-ray form factor. Subsequently Cromer and Waber (1968) 'filled in the gaps' in Doyle and Turner's work, and so a complete set of X-ray form factors from Z = 1 to 98 for s = 0 to 2 A-I with nine parameter Gaussian fits was available. These results are shown in full in International
Tables for X-ray Crystallography Volume 4 (1974) and have formed the basis for many computer and other applications requiring X-ray or electron scattering factors. For recent examples see O'Keefe, Bu~ck and Iijima (1978) , Tabbernor, Fox and Fisher (1988) and Peng and Cowley (1988) .
However, equation (1) is only applicable to the angular range s = 0 to 2 A-I and attempts to extend it to higher angles can lead to large errors. For example figure l(a)
shows the Doyle and Turner Gaussian fit to the calculated fX(s) for nitrogen (Z = 7)
extrapolated to s = 6 A-I; it can be seen that the curve based on equation (1) drops well below the true values calculated by Doyle and Turner (1968) , and in fact goes negative for s > 3 A-I. Another example, uranium (Z= 92) , is shown in figure l(b), and in this case the extrapolated Gaussian values are far too high. It is clear from this discussion that an accurate set of high-angle form factors for all elements from s = 2 A-I to 6 A-I is necessary, and that a n-parameter curve fitting routine for this angular range is highly desirable; this is the object of the present work.
Calculations
(1) High-Angle Form Factors--As mentioned previously, Doyle and Turner (1968) calculated form factors for seventy-six atoms and ions up to s = 6 A-I. The elements they omitted to consider were those with atomic number, Z = 1, 39 -41, 43 -46, 52, 57 -62, 64 -79, 81, 84 -85, 87 -91 and 93 -98 . It is therefore necessary to calculate the highangle form factors for all these elements; this could be done from first principles in the manner of Doyle and Turner or Cromer and Waber (1968) . This, however, is very time consuming and tedious, and in this work a simpler alternative is discussed.
For hydrogen at angles for which s ~ 1.5 A-I, the X-ray form factor is less than 2 x 10-3 (see for example Stewart, Davidson and Simpson, 1965) and can therefore be considered to be virtually zero for these high angles.
•
For elements in the range Z = 35 -92, the variation of fX with Z for the Doyle and Turner (1968) values was investigated, and it was found that they fell on a slowly varying smooth curve which is very close to linear for high Z. A simple polynomial curve-fitting routine available in the Cricket Graph TM software for an Apple -McIntosh personal computer was used to fit the fX versus Z data for the appropriate values of s in order to 'fill in the gaps' in Doyle and Turner's values, and a correlation coefficient of 0.999 or better was obtained in each case with appropriate choice of polynomial coefficients; an example for s = 3 A-l is shown in figure 2. Interpolation using these curve fits allowed th'e evaluation of the high-angle X-ray form factors for the atomic numbers not considered by Doyle and Turner up to Z = 9l.
For the elements with Z = 93 -98, a simple linear extrapolation from the fX versus Z variation (Z = 63 -92) of the values of Doyle and Turner (1968) for 2 A-l S S S 6 A-l was used. This is likely to be a little less accurate than the interpolative method described previously, but still good (and certainly much better than the Gaussian fits) as the form of fX versus Z is close to linear in the range Z = 63 -92, as shown in figure 3 for s = 3 A-l.
The foregoing calculations together with the values of Doyle and Turner (1968) allowed a tabulation of the X-ray form factors for s = 2.5, 3.0, 3.5, 4.0, 5.0, 6.0 A-l for all elements (Z = 2 -98) and these are shown in table 1 .. It is also satisfactory to use these for ions, as the ionic form factors of Cromer and Waber (1968) 
This expression resulted in a minimum R value of 0.993 at Z = 22, corresponding to a maximum error of 8.8% in fX(s) at s = 2.5A-I for titanium.
To improve matters still further a four-parameter fit of the form
In[fX(s)] = ao + als + a2s2 + a3 s3 (4) ·was·adopted and the correlation coefficient R remained at 0.999 or above, except for Z = 95 -97 where it dropped to 0.9985 and for Z = 98 for which R was found to be 0.998.
The values of ao, ah a2, a3 and R for all Z derived in this way from equation (4) errors in fX(s) are below 3%, which is much better than the errors given by the Gaussian fits. As discussed by Doyle and Turner (1968) . the percentage error in fX ( To check the accuracy of the curve'fitting on the personal computer, equation (4) was used to fit the In[fX(s)] versus s data o~ a mainframe computer with polynomial curvefitting NAG routines E02ADF and E02AEF, and the interpolated values of fX(s) obtained using the NAG routines agreed to within 1 part in 1()4 with those generated by the personal computer.
Electron Scattering Factors
The electron scattering factor, ~(s), is related to the X-ray scattering factor by the usual Mott formula (5) which reduces to
where fe(s) is a scattering length expressed in A. Hence a complete set of high angle electron scattering factors can be obtained by the use of equation (6) and table 2 except for hydrogen where the simple use of equation (6) with fX = 0 is very satisfactory. If aft is the error on fX and a~ the error on~, then differentiating (6) gives af e af occurred for Z = 98 at s = 2.sA-I and was 0.93%. All errors in fe calculated by this method are therefore less than 1.0%, which is more than adequate for most applications. ,
It is worth noting that the use of the nine-parameter Gaussian fitted X-ray form factors of Doyle and Turner (1968) for OA-I S; s S; 2A-I and the four-parameter fits of the present work for 2A-I S; s ~ 6A-t together with the Mott formula generally gives better interpolated electron scattering factor values than the eight-parameter Gaussian fit for fe(s)
quoted by Doyle and Turner. This is true except for very low angles (s S; o.04A-I) when Z -fX is small, and in this case the procedure 'adopted by O 'Keefe etal.(1978) and described in detail by Peng and Cowley (1988) should be used so that large errors in fe are avoided for small s.
Examples of applications for high-angle form factors
(1) Electron charge-density calculations--These are important for determining the distribution of electrons around atoms in crystalline solids. The electron charge density, p (x,y,z), at position vector r (x,y,z) in a unit cell is given by
where n is the volume of the unit cell and Fhld are the X-ray structure factors for planes with Miller indices (hkl). For copper, Smart and Humphreys (1978) have shown that for the Fourier series of equation (8) to converge, well over 1200 terms are needed. This has been confirmed by Tabbemor (1988) who also found that similar numbers of structure factors are needed for convergence of the charge density series of other elements. This means that many high angle structure factors which occur in the range 2 A-I S; S S; 6A-t are -.
needed for such calculations, and this is an important application for the high-angle form factors presented here.
(2) Simulation of HREM images--The dynamical electron scattering calculation for the simulation of high resolution electron microscope images requires a numerical evaluation of the crystal potential. This evaluation is normally carried out by Fourier transformation of the structure factors (for electrons), Fbkl, for the structure being simulated. In the case of the commonly used 'multi~lice' dynamical scattering algorithm (Goodman and Moodie, 1974) , the structure factor calculation requires accurately-known scattering factors out to twice the scattering angle of the highest-order diffracted beam included in the comp~tation 
Summary. and Conclusions
The effect of extending the Gaussian fits for X-ray form factors, f' X., presented in the International Tables for X-ray Crystallography(1974) to !Ugh angles (2 A-I ~ s ~ 6A-I) has been carefully investigated, and it has been found that errors as high as a hundred percent in f' X. can occur, and that in some cases fX can even go negative (see for example figure la for nitrogen) if this approach is adopted. For the electron scattering factors, fe, derived 8 by the Mott formula from these high-angle X-ray form factors, the situation is not as catastrophic, but errors in ~ as high as ten per-cent can often be encountered.
It is clear that such inaccuracies are not acceptable when performing the Fourier analyses necessary for ch~ge density studies or HREM image simulations, and in the present work an alternative method of producing high-angle X-ray and electron form factors is discussed. This has involved curve fitting the fX versus Z variation of the RHF values of Doyle and Turner (1968) , so that a complete set of form factors from 2 -6 A-l is available for all elements from Z = 1 through 98. From these form factors, a four-parameter 'exponential polynomial' curve fitting of the variation of fX with s has been made. Accurate values of the electron scattering factors were then calculated with the Mott formula in the usual way.
This procedure would appear to generate a maximum error of only about 5.0% in the X-ray scattering factors (for Z = 98 (californium) with s = 2.5 A-l) which is far more satisfactory than the Gaussian approach. If these best X-ray form factors are converted to electron scattering factors, by the Mott formula the maximum error encountered in ~ is less than 1.0% which is more than adequate for most applications. showing the polynomial fit to the values of Doyle and Turner (1968) . 
